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Abstract
The purpose of this paper is to introduce a new class of spaces via gbsb*-open sets and ghsb*-difference sets.
Further we give some basic properties and their various characterizations
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Introduction

D.Andrijevic[1] introduced the concept of b-open sets and characterized its topological properties. Caldas and
Jafari [2], introduced and studied b-To, b-T1, b-T2, b-Do, b-D1 and b-D; via b-open sets after that Keskin and
Noiri [5], introduced the notion of b-Ti. A.Poongothai and P.Parimelazhagan,[6] introduced sb*-closed sets
and we extend this concept into ghsb*-open sets[7].

In this chapter, we introduce a new classes of spaces called gbsb*-T\ spaces, for k=0, 1, 2, 1/2, ghsb*-Dy spaces,
for k=0,1,2 and gbsb*-spaces. Also we study some basic properties and their various characterizations.

Preliminaries

Throughout this paper (X, t) represents a topological space on which no separation axiom is assumed unless
otherwise mentioned. (X, t) will be replaced by X if there is no changes of confusion. For a subset A of a
topological space X, cl(A) and int(A) denote the closure of A and the interior of A respectively. We recall the
following definitions and results.

Definition 2.1.[1] Let (X, 7) be a topological space. A subset A of the space X is said to be b-open if
Acint(cl(A))ucl(int(A)) and b-closed if int(cl(A))Ncl(int(A)) SA.

Definition 2.2. Let (X, 7) be a topological space and Ac X. The b-closure of A, denoted by bcl(A) and is
defined by the intersection of all b-closed sets containing A.

Definition 2.3.[6] Let (X, 7) be a topological space. A subset Aof X is said to be strongly b*-closed (briefly
sb*-closed) if cl(int(A))) < U whenever AcC U and U is b-open in (X, 7).

Definition 2.4.[7] A subset A of a topological space (X, t) is called a generalized b-strongly b*-closed set
(briefly,gbsb*-closed) if bcl(A) — U whenever AcC U and U is sb*-open in (X, ). The collection of all ghsh*-
closed sets of X is denoted by ghsb*-C(X,7).

Definition 2.5.[7] The complement of the ghsb*-closed set is a gbsb*-open set. The collection of all ghsb*-open
sets of X is denoted by gbsb*-O(X,).

Definition 2.6.[8] Let A be a subset of a topological space (X, t). Then the union of all gbsb*-open sets
contained in A is called the gbsb*-interior of A and it is denoted by gbsb*int(A). That is
gbsb*int(A)=U{V:VcA and V eghshb*-O(X)}.
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Definition 2.7.[8] Let A be a subset of a topological space (X, 1). Then the intersection of all gbsb*-closed sets
in X containing A is called the ghsb*-closure of A and it is denoted by ghsb*cl(A). That is gbsb*cl(A)=n{F:
AcF and Fegbsb*-C(X, 7)}.

Theorem 2.8.[8] Let A be a subset of a topological space (X, 1). Then
() A'is gbsb*-open if and only if ghsb*int(A)=A.
(i) A is ghsb*-closed if and only if gbsb*cl(A)=A.

Theorem 2.9.[7] For every element x in a space X, X\{x} is either ghsb*-closed or sh*-open.
Theorem 2.10.[6] Every closed set is sh*-closed.

Definition 2.11.[7] Let X be a topological space and let xeX. A subset N of X is said to be a gbsb*-
neighbourhood (shortly, ghsb*-nbhd) of x if there exsits a gbsb*-open set U such that xeUSN.

Generalized b-strongly b*-Tk spaces

Definition 3.1. A topological space (X, 1) is said to be

(i) gbsb*-Ty if for each pair of distinct points x, y in X, there exists a ghsb*-open set U in X such that
either xeU and ygU ssor x¢U and yeU.

(if) gbsb*-T if for each pair of distinct points X, y in X, there exist two gbsb*-open sets U in X and V such
that xeU but ygU and x¢V and yeV.

(iii) gbsb*-T if for each pair of distinct points x, y in X, there exist two disjoint ghsb*-open sets U and V in
X such that xeU but y¢U and x¢V and yeV.

(iv) gbsb*-Ty, if every ghsh*-closed set is sh*-closed.

(v) gbsb*-space if every ghsb*-open set is open.

Theorem 3.2. A topological space (X,1) is gbsb*-Tg if and only if for each pair of distinct points x, y in X,
gbsb*cl({x})#gbsb*cl({y}).

Proof: Necessity: Suppose X is gbsb*-Ty and x,y are any two distinct points of X. Then there exists a gbsb*-
open set U containing x or y, say X but not y. Since U is gbsb*-open, X\U is a gbsb*-closed set which does not
contain x but contains y. Since gbsb*cl({y}) is the smallest ghsb*-closed set containing y, ghsb*cl({y})<X\U.
Then xg¢gbsb*cl({y}). Hence gbsb*cl({x})#gbsb*cl({y}).

Sufficiency: Suppose that x,yeX with x#y and gbsb*cl({x})#gbsb*cl({y}). Then there exists a point zEX such
that zegbsb*cl({x}) but ze¢gbsb*cl({y}). Now, we claim that xg¢gbsb*cl({y}). If xegbsb*cl({y}), then
gbsb*cl({x})=gbsb*cl({y}). This implies, zegbsb*cl({y}), which contradicts z&gbsb*cl({y}). Therefore
xgghsb*cl({y}). Since gbsb*cl({y}) is ghsb*-closed set containing y but not x, then X\gbsb*cl({y}) is a gbsh*-
open set containing x but not y. Hence X is a ghsb*-Ty space.

Theorem 3.3. A topological space (X,t) is gbsb*-T; if and only if the singletons are gbsb*-closed sets.

Proof: Let (X,t) be a gbsb*-T; space and x be any point of X. Let yeX\{x}. Then x#y and so there exists a
gbsb*-open set Uy containing y but not x. That is yeU,SX\{x}. This implies, X\{x}=U{Uy/yeX\{x}}. Since the
union of ghsb*-open sets is gbsb*-open, then X\{x} is ghsh*-open containing y but not x. Hence {x} is gbsb*-
closed in X. Conversely, suppose {p} is ghsb*-closed, for every peX. Let x,yeX with x£y. Then yeX\{x} and
xeX\{y}. Since {x} and {y} are ghsb*-closed sets in X, then X\{x} and X\{y} are gbsb*-open sets in X. Thus,
we have a ghsb*-open set containing x but not y and a ghsb*-open set containing y but not x. Hence X is a
gbsb*-T; space.
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Theorem 3.4. A topological space (X,t) is ghsb*-Ty, if each singleton {x} of X is either sb*-closed or sh*-
open.

Proof: Let (X,7) is a gbsb*-T1> space.

Case (i): Suppose {x} is not sb*-closed. Then X\{x} is not sb*-open. By Theorem 2.9, X\{x} is ghsb*-closed.
Since X is a ghsb*-T1,, space, then X\{x} is sb*-closed and hence {x} is sb*-open.

Case (ii): Suppose {x} is not sb*-open. Then X\{x} is not sb*-closed. By Theorem 2.9, X\{x} is ghsb*-open in
X. Since X is a ghsb*-T1/, space, then X\{x} is sb*-open and hence {x} is sb*-closed.

Theorem 3.5. The following statements are equivalent for a topological space X.
(i) Xis gbsb*-To.
(if) For each xeX and y#x, there exists a gbsb*-open set U containing x such that yggbsb*cl(U).
(i) For each xeX, N {gbsb*cl(U)/Uegbsb*-0O(X, t) and xeU}={x}.

Proof:

()=(ii): Suppose X is ghsb*-T,. Then for x,yeX with x#y. Then there exists disjoint gbsb*-open sets U and V
containing x and y respectively. Since V is gbsb*-open, then X\V is gbsb*-closed containing U. Hence
ghbsb*cl(U)=X\V. Since yeV, then ygX\V and hence yggbsb*cl(U).

(i)=(iii): If there exists an element y=x in X such that yeN {gbsb*cl(U)/Uegbsb*-O(X) and xeU}, then
yeghsb*cl(U) for every ghsb*-open set U containing x. This contradicts our assumption. So there exists no such
an element y. This proves (iii).

(iif)=(i): Let x,yeX with x£y. Then by our assumption, there exists a gbsb*-open set U containing x such that
yégbsb*cl(U). Let V=X\gbsb*cl(U). Then V is gbsb*-open set containing y. Also XxeU and UNV= ¢. Thus we
have a disjoint gbsb*-open sets U and V containing x and y respectively. Hence X is a gbsb*-T, space.

Remark 3.6. Every gbsb*-T, space is gbsb*-Tj.
Theorem 3.7. Every ghsb*-space is gbsb*-T1y.
Proof: Let (X,t) be a gbsb*-space and A be any ghsb*-closed set in X. Then X\A is gbsb*-open in X. Since X is

gbsb*-space, then X\A is open in X and so A is closed. By Theorem 2.10, A is sb*-closed. Since shows that X is
ngb*-Tl/z.

Generalized b-strongly b*-Dk spaces

Definition 4.1. A subset A of a topological space X is called a ghsb*-difference set(briefly gbsb*-D-set) if there
exists U, Vegbsb*-O(X) such that U#X and A=U\V.

Theorem 4.2. Every proper gbsb*-open set is a gbsb*-D-set.

Proof: Let A be any proper gbsb*-open subset of a topological space X. Take U=A and V= ¢. Then A=U\V and
U#X. Hence A is gbsb*-D-set.

Remark 4.3. The converse of the above theorem need not be true which is shown in the following example.

Example 4.4. Let X={a,b,c,d} with a topology © ={o, {a,b}, {a.b,c}, X3}. Then gbsb*-O(X, t)={o, {a}, {b},
{a,b}, {a,c}, {a.d}, {b,c}, {b,d}, {ab,c} {ab,d}, {ac,d}, {b.c,d}, X}. Take U={ab,d} and V={a,b,c}. Then
U=X and A=U\V={a,b,d}\{a,b,c}={d} is gbsb*-D-set but not a ghshb*-open set.

Definition 4.5. A topological space (X, t) is said to be
(i) gbsb*-Dq if for any pair of distinct points x and y of X there exists a ghsb*-D-set of X containing x but
not y or a gbsh*-D-set of X containing y but not x.
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(ii) gbsb*-D; if for any pair of distinct points x and y of X there exists a ghsb*-D-set of X containing x but
not y and a gbsb*-D-set of X containing y but not x.

(iii) gbsb*-D; if for any pair of distinct points x and y of X, there exist disjoint gbsb*-D-sets G and E of X
containing x and y respectively.

Theorem 4.6. In a topological space (X, 1),
(i) if (X,7) is gbsb*-Ty, then it is gbsb*-Dy, for k =0, 1, 2.
(i) if (X,7) is gbsb*-Dy, then it is gbsb*-Dy.1, for k =1, 2.

Proof.

(i) First we prove the result for k=0. Suppose (X, 1) is gbsb*-To. Then for each pair of distinct points x, y
in X, there exists a ghsb*-open set U such that either xeU and y¢U or yeU and x¢U. By Theorem 4.2,
U is ghsb*-D-set in X. Then we have for each pair of distinct points x, y in X, there exists a gbsb*-D-
set U such that either xeU and ygU or yeU and x¢U. Hence (X,t) is a gbsb*-Do space. Similarly we
can prove that every ghsb*-Ty space is gbsh*-Dy space, for k=1,2.

(ii) Let k=2. Suppose (X,t) is a gbsb*-D, space. Then for any pair of distinct points x and y of X, there
exists disjoint gbsb*-D-sets U and V of X containing x and y respectively. That is for any pair of
distinct points x and y of X, there exists a gbsb*-D-set U of X containing x but not y and a ghsb*-D-set
V of X containing y but not x. Hence (X,r) is a gbsb*-D; space. Similarly we can prove that every
gbsb*-D; space is a gbsb*-Dy space.

Theorem 4.7. A space X is ghsb*-Dy if and only if it is ghsb*-To.

Proof. Necessity: Suppose that X is gbsb*-Do. Then for each distinct pair x, yeX there is a gbsb*-D-set G
containing x or y, say x but not y. Since G is gbhsb*-D-set, then there are two gbsb*-open sets U; and U, such
that U1#X and G=U;\U.. Since XeG and y&G, then xeUs. For ygG, we have two cases,

() yeU:

(b) yeU; and yeUs,.

In case (a), xeU; and y¢Us. In case (b), yeU, and x¢U,. Thus in both cases we have for each pair of distinct
points x and y in X, there exists a gbsb*-open set U; containing x but not y or a gbsb*-open set U, containing y
but not x. Hence X is ghsb*-Ty.

Suffiency: Suppose (X,t) is ghsb*-To. Then by Theorem 4.6(i), (X, 1) is gbsb*-Do.
Theorem 4.8. A space X is ghsb*-D; if and only if it is ghsb*-D5.

Proof: Necessity: Let X, yeX, with x£y. Then there exist gbsb*-D -sets G1,G» in X such that XxeG;, y¢G; and
YEG,, X&G,. Since G; and G, are ghsb*-D-sets, then G1= U;\U2 and G=U3\U4, where U1, Uy, Us and U, are
gbsb*-open sets in X. From x&Go,, it follows that either x¢Usz or xeUs and xeU.. We discuss the two cases
separately.

(i)Suppose x¢Us. For ygG; we have two sub-cases:

(a) Suppose y&U;. Since xeU\U,, it follows that xeU;\(UouUs), and since yeUs\Us we have
yeUs\(U1UUy). Since the union of gbsb*-open sets is gbsb*-open set, then U,UUs and U;UU, are
gbsb*-open sets. Also (U:\(U2UU3))N(Us\(U1uUs))=p. Thus we have disjoint gbsb*-D-sets
U1\(U2uUs3) and U3\(U1UU,) containing x and y respectively.

(b) If yeU; and yeU,, we have xeU;\Uy, and yeU,. Also (Ui\ U2)NU, = ¢. Thus we have disjoint ghsb*-
D-sets U1\U, and U> containing x and y respectively.

(if)Suppose xeUs and xeU.. We have yeUs\U4 and xeU4. Hence (Us\U4)NU4= ¢. Thus we have disjoint ghsb*-
D-sets U4 and U3\U4 containing x and y respectively. Hence X is gbsb*-D5.
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Sufficiency: Suppose X is ghsb*-D,. Then by Theorem 4.6(ii), X is gbsb*-D;.

Definition 4.9. A point xeX which has only X as the ghsb*-neighbourhood is called a ghsb*-neat point.

Theorem 4.10. For a ghsh*-To space (X,7) the following are equivalent:
(i) (X,t)is gbsb*-Ds.
(ii) (X,7) has no gbsb*-neat point.

Proof. (i)=(ii). Since (X,7) is gbsb*-D1, then each point x of X is contained in a ghsb*-D-set A = U\V and thus
in U. By definition U#X. This implies that x is not a gbsb*-neat point.

(if)=(i) Suppose (X,1) has no gbsb*-neat point. Let x and y be distinct points in X. Since X is ghsh*-Ty, then
there exists a ghsb*-open set U containing x or y, say X. Since ygU, then U#X. By Theorem 4.2, U is a gbsb*-
D-set. Since X has no gbsb*neat point, then y is not a ghsb*-neat point. This means that there exists a gbsb*-
neighbourhood V of y such that V£X. Since V is a gbsb*-nbhd of y, there exists a ghsb*-open set G such that
yeGCV. Thus yeG\U but not x. Also G\U is a gbsb*-D-set. Hence X is a ghsb*-D; space.

Corollary 4.11. A ghsb*-T space X is not gbsb*-D; if and only if there is a unique gbsb*-neat point in X.
Proof: Suppose (X, 1) be a gbsb*-Ty space. But (X,1) is not a gbsb*-D;. Then by the above theorem (X, 7) has a
gbsb*-neat point. Now we have to prove the uniqueness. Suppose x and y are two different gbsb*-neat points in
X. Since X is ghsb*-Ty, at least one of x and y, say x, has a ghsb*-open set U containing x but not y. then U is a
gbsb*-nbhd of x and U#X. Therefore x is not a gbsb*-neat point which contradicts x is a ghsb*-neat point.
Hence x=y..
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