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Abstract 

In this paper , we talk about the relationship of  gf ,  and  fg, . We show that : 1.      fggf ,,   ,

      gffggf   , ;  2.   gf ,  

     fggf ,,   .. 

 

Introduction 

Let  dX ,  be a compact metric space. Denoted by  XC 0
 the set of all continuous maps from X  to itself. Let 

 XCgf 0,  , 
0f  is the identity map, 1nf  

nff  . Denoted by fg   the composition of g  and f . Let Z  be the set of all positive integers,    ZN 0 . Denoted 

by  A#  the cardinality of A ,  N#0  . Let A  be the closure of A . 

Let   gfX ,,  be the alternating systems (see [1] for the definition). For any x  

X ，write          ,,,,,, xfgfxfgxfxgfxO  , we call   gfxO ,,  the orbit of x  under  gf , . For any 

Nn ，write 

 
 
   









12,

2,

knxfgf

knfg
xF

k

k

n  

So sometimes we can replace  gf ,  by  
NnnF


, therefore the alternating system      

NnnFXgfX


 ,,,  and 

     
Nnn xFgfxO


,, . 

Obviously ,          ,,,,,, xfgfxfgxfxgfxO   

                       gfxfOfgxO  ,,  

                       fgxOffgxO  ,,  

Similarly , write 

 
 
   









12,
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knxgfg

kngf
xG
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n  

The orbit of x  under f , the set of periodic points under f , the set of recurrent  points under f , the set of non-wondering 

points under f , the - limit set of x un-  

der f  will be denoted by  fxO , ,  fP ,  fR ,  f ,  fx, , respectively (see [3] for the detailed definitions). 
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2. Definitions and lemmas 

Definition 2.1  Denoted by   gfx ,,  the set of all limit points of   
Nnn xF


, write      

Xx

gfxgf


 ,,,  . 

Definition2.2 Define the set of pseudo periodic points under alternating system 

          0,,#,,,,
~

 gfxgfxxXxgfP  . 

Definition 2.3  Define the set of recurrent points under alternating system   gfR ,  

   gfxxXx ,, . 

Obviously ,         gfgfRgfP ,,,
~

 . 

Definition 2.4  A point Xx  is said to be non-wondering under alternating system if for any neighborhood U  of x  there 

exists Zn such that   UUFn  . Denoted by   gf ,  the set of all non-wondering points under alternating system. 

Lemma 2.5
[2]

  Let  dX ,  be a compact metric space,  XCgf 0,  , then  

（1） For any Zn , we have fGF nn 1 , gFG nn 1 . 

（2） If n  is even , then .nttn FFF   

（3） If n  is odd , then .nttn FGF   

Lemma 2.6
[2]

         gfxffgxgfx  ,,,,   . 

Lemma 2.7
[2]        fgxfgfxf  ,,   . 

Lemma 2.8
[1]

       fxfxfx ,,,,   . 

Lemma 2.9
[1] （1）       gfPfgPgfP ,

~
; 

            （2）     gfPfgP ,
~

 ; 

            （3）      gfPgfPg ,
~

 ; 

            （4）     gfPfgPf   . 

Lemma 2.10
[4]   

Let f  be a continuous map of compact interval to itself . If the set of periodic points of f  is a closed set , then 

every chain recurrent point is periodic . 

Lemma 2.11
[2]

        gffggf   , . 

3. Main results 

Proposition 3.1      gfx ,, ,      gfxgfx ,,,,   . 

Proof :  Combine Lemma2.6 with Lemma2.8 , it is trivial. 

 

Proposition 3.2            
0

21 ,,,,,



n

nnn xFxFxFgfx . 

Proof :  We firstly prove           
0

21 ,,,,,



n

nnn xFxFxFgfx . For any y  

  gfx ,, , there exists km  such that   yxF
km  , then for any Nn , there exists  Zk such that nmk . , 

hence 

       
0

21 ,,,



n

nnn xFxFxFy . 
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Now we prove      
0

, , k

n k n

x f g F x


 

 . For any y   
0

k

n k n

F x


 

 ,  sup- 

pose   gfxy ,, , there exists a neighborhood U  of y such that for any Nn , 

  UxFn  , which is contrary to the hypothesis that for any y , we have 

       
0

21 ,,,



n

nnn xFxFxFy . 

Hence   gfxy ,, . 

Proposition 3.3  (1) If n  is even, then        gfxFgfx n ,,,,   ; 

               (2) If n  is odd, then        fgxFgfx n ,,,,   . 

Proof :  (1) Suppose that n  is even. We prove        gfxFgfx n ,,,,    firstly. If   gfxy ,, , there exists 

nnk  , kn  such that   yxF
kn  , by Lemma 2.5 (2), we have    yxFF nnnk

 , hence     gfxFy n ,, . 

Now we prove        gfxFgfx n ,,,,   . If     gfxFz n ,, , there exists km  such that 

   zxFF nmk
 , by Lemma 2.5 (2), we have   zxF nmk

 . Hence   gfxz ,, . 

  (2) Similar to the proof of (1) , by Lemma 2.5 (3) , the proof of (2) is trivial. 

 

Theorem 3.4       fggf ,,   . 

Proof :  We prove      fggf ,,    only. For any   gfx , ，there exists Xy  and kn such that 

  xyF
kn  , by Lemma2.5(1), we have   

1knG f y

    

  
1knG f y x


  , thus   fgx , . 

 

Proposition 3.5           gfPfgPfgPgfP  ,
~

,
~

. 

Proof :  By Lemma2.9(1), we have       gfPfgPgfP ,
~

, exchange gf , , then

      gfPfgPfgP ,
~

, hence 

         gfPfgPfgPgfP  ,
~

,
~

 (1) 

By Lemma2.9 (2), we have     gfPfgP ,
~

 , exchange gf , , then  P f g     ,P g f  , hence 

         fgPgfPgfPfgP ,
~

,
~

   (2) 

Combine (1) with (2) , we have 

             gfPfgPfgPgfPgfPfgP   ,
~

,
~

. 

Hence          gfPfgPfgPgfP  ,
~

,
~

. 

 

Theorem 3.6  (1)      gfgfR ,,  ; 

             (2)       gffgfg ,  ; 

             (3)     gffgf   ; 

             (4)   gf ,  is closed; 
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             (5)       gffggf   ,  

Proof :  (1) and (2) are evident by definitions. 

(3)  For any 0 , by the continuity of f , there exists 0 such that  

      ,, xfBxBf  . For any  fgx  , By the definition , for 0 , there 

exists  ,xBy  and Zn  such that      ,xByfg
n

 . So     ,,xfByf   

           ,
n n

f g f y f g f y B f x    .Hence  gfx  . 

(4)  For any   gfXx , , by the definition, there exists some neighbor- 

hood U  of x  such that for any Zn ,   UUFn  . Thus, for any  yUy ,  

  gfX , . So   gfX ,  is open . Hence   gf ,  is closed. 

(5)  Suppose   gfx , , U  is an arbitrary neighborhood of x . If the set 

  , 2 for somenn Z F U U n k k Z   ：  is infinite, there exist even numbers 21 nn   and Uy  such that 

        yfgUyfg
nn 21 ,  U , then    yfg

n2  

       Uyfgfg
nnn


 112  . Hence  fgx  . 

If the set   ZkknUUFZn n   somefor12，：   is infinite, there exist odd numbers 21 nn   and 

Uy  such that         yfgfyfgf
nn 11   U  and     Uyfgf

n
2 , then 

            Uyfgfgfyfgf
nnnn


 1122  . Hence  

 gfx  . 

In conclusion ,       gffggf   , . 

 

Corollary 3.7           gffgfggf   ,, . 

Proof :  Similar to the proof of Proposition 3.5 , by Theorem 3.6 (2) (5), it is evident. 

 

Lemma 3.8        gffggf   , . 

Proof :  By Lemma 2.6, we have     gffg ,  . By Lemma 2.11, we have       gffggf   , . So it 

remains to show that     gfgf ,  . 

For any  gfx  , there exists Xy  and kn  such that    ygf kn
   

x , so we have      xygfgf kn


1
 . Hence   gfx , . 

Similarly,     gffg ,  . Hence       gffggf   , . 

 

Theorem 3.9          fggfgf ,,,   . 

Proof :  By Lemma 3.8 , we have       gffggf   , . Thus   gf ,  

             fggfgffggffg ,,    . 
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Proposition 3.10  If  1,0X ,       fgPgfP ,
~

,
~

 ,   gfP ,
~

 and   fgP ,
~

 are closed , then 

           fggffgPgfP ,,,
~

,
~

  . 

Proof :  If       fgPgfP ,
~

,
~

 , then by Lemma 2.9 (2), we have   fgP  

  gfP  . Science   gfP ,
~

 and   fgP ,
~

 are closed, by Theorem 3.5, we have       fgPfgPgfP  ,
~

 

and   fgP ,
~

   gfPgfP   . By Lemma 2.10,       fgfgPgfP  ,
~

 and      gfPfgP ,
~

 gf  . It follows by Corollary 3.7 that            fggffgPgfP ,,,
~

,
~

  . 

 

Corollary 3.11  If  1,0X ,       fgPgfP ,
~

,
~

 ,   gfP ,
~

 and   fgP ,
~

 are 

closed, then                gffgRgfRfgPgfP ,,,,
~

,
~

   gf ,   fg, . 

Proof :  Combine Theorem 3.4 , Theorem 3.9 and Proposition 3.10, it is evident. 

 

Example 3.12 Let  1,1X ,
1

1
1




n
an , 3,2,1n . Define   

(1)   xxf  , for any  1,0x ; 

(2)     11 1, , 1,2,3n nf f a a n      and f  is linear on  0,1a  and each  nn aa   ,1 , 3,2,1n ; 

(3)   xxg  , for any  1,0x ; 

(4)   xxg  , for any  1,1x . 

It is easy to show that          1,0  fgfgfgfgP   ; 

         1,0  gfgfgfgfP   ; For any Xx ,   gfx ,,  

          1,1,,,,  fggffgx . 

 

Proposition 3.13  Let  or , there exists f  and g  such that  fg   is a proper subset of   gf , . 

Proof :  By Example 3.12,    1fg   and      gfxgf
Xx

,,, 


   1,1 . Hence  fg   is a proper subset 

of   gf , . Similarly,  fg   is a proper subset of   gf , . 

 

Proposition 3.14  There exists f  and g  such that  fgP   is a proper subset of   gfP ,
~

. 

Proof :  By Example 3.12,    1fgP  and     1,1,
~

gfP . Hence  fgP    

is a proper subset of   gfP ,
~

. 

 

Proposition 3.15  There exists f  and g  such that      fggf ,,  . 

Proof :  By Example 3.12 ,        1,1,,  fggf . 

 

Proposition 3.16  There exists f  and g  such that  gf   is a proper subset of   gf , . 

Proof :  By Example 3.12,    1 gf   and     1,1,  gf . Hence  gf   is a proper subset of   gf , . 
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Example 3.17  Let    1,11,0,1 X , define     10,01  ff ,  1 (1) 1f g  ,    0 1, 1 1g g     .  

It is easy to show that  (1)             1,,1,,0,0,1,,1  gfgfgf  . 

(2)         1,1,,1,0  gfgf  . 

 

Proposition 3.18  There exists f  and g  such that     gfPgfP ,
~

 . 

Proof :  By Example 3.12,    1,0gfP   and     1,1,
~

gfP . Hence  

    gfPgfP ,
~

 . 

 

Proposition 3.19  There exists f  and g  such that     gfgf ,  . 

Proof :  By Example 3.12,    1,0 gf   and     1,1,  gf .  Hence     gfgf ,  . 

 

Proposition 3.20  There exists f  and g  such that      gfgf ,,  . 

Proof :  By Example 3.12,        1,0,1,,, 


gfxgf
Xx

   and    gf ,  

 1,1 . Hence     gfgf ,  . 
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