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Abstract
In this paper , we talk about the relationship of [f,g] and [g, f]. We show that : 1. w([f,g])= (g, f]),

o f,g)=alge f)Ua(f 29); 2 o f,g])c
o f,g)ua(g, f)).

Introduction
Let (X,d) be a compact metric space. Denoted by CO(X) the set of all continuous maps from X to itself. Let

f,ge CO(X ) f % is the identity map, ™ =
fof". Denotedby go f the composition of g and f . Let Z, be the set of all positive integers, N = {O}U Z, . Denoted
by #{A} the cardinality of A, ¥, =#{N } Let A be the closure of A.
Let (X , [f ) g]) be the alternating systems (see [1] for the definition). For any X
e X, write O(x,[f,g])={x, f(x),gf(x), fgf(x)-} we call O(x,[f,g]) the orbit of X under [f,g]. For any
neN, write
gf K , nh=2k

Fn(x):{(fég f;kXx) ,n=2k+1
So sometimes we can replace [f : g] by {Fn }neN , therefore the alternating system (X,[f , g]): (X,{Fn }neN) and
O(x.[f.g])={F ()} -
obviously , O(x,[f,g])={x, f(x) g f(x) fg f(x)--}

=0(x,go f)UO(f(x), f o g)

=0(x,go f)U F(O(x,go ))

Similarly , write
(fg) , n=2k
G, (x)= k
(g(f 9) Xx) ,n=2k+1
The orbit of X under f , the set of periodic points under f , the set of recurrent points under f , the set of non-wondering
points under f ,the @ - limit set of X un-

der f will be denoted by O(x, f), P(f), R(f), Q(f), @(x, f), respectively (see [3] for the detailed definitions).
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2. Definitions and lemmas
Definition 2.1 Denoted by @(x, [, g]) the set of all limit points of {F,(x)}. _,,, write ([f,g])= Ua)(x,[f .q)).

xeX
Definition2.2 Define the set of pseudo periodic points under alternating system

Pt g)=tx e X|xealx[f. o] #olx[f g} <o}
Definition 2.3 Define the set of recurrent points under alternating system R([f : g]) =
{x e X|x € ofx,[f, g])}

Obviously , IS([f )< R(f,g)cw(f,g]).
Definition 2.4 A point X € X is said to be non-wondering under alternating system if for any neighborhood U of X there

exists N € Z, suchthat F, (U )ﬂ U # ¢ . Denoted by Q([f , g]) the set of all non-wondering points under alternating system.
Lemma 2.5% Let (X, d) be a compact metric space, f,g e C®(X), then
(1) ForanyneZ, wehave F, =G, ,of, G, =F _,°0.
(2> Ifniseven,then F ,=FoF,.
(3> Ifnisodd,then F, =G, oF,.
Lemma 2.6% w(x,[f,g])=w(x,go f)Ua(f(x), fog).
Lemma 2.7 a)(f (X), fo g): (a)(X, go
Lemma 2.8M a)(x,

f
Lemma2.9™ (1) P
f

@ f(P(gof))=P(fog).
Lemma 2.10 Let f be a continuous map of compact interval to itself . If the set of periodic points of f is a closed set , then

every chain recurrent point is periodic .

Lemma 2.11? o([f,g])c w(ge f)Ua(f o g).

3. Main results

Proposition 3.1 w(x,[f,g])= ¢, o(x,[f,g])= o(x,[f,g]).

Proof : Combine Lemma2.6 with Lemma2.8, it is trivial.

Proposition 3.2 a)(x, [ f,g ]) = ﬂ {Fn (X), Fn+1(X), F., (X), . }

n>0

Proof : We firstly prove a)(X, [f , g]) C ﬂ {Fn (X), (= (X), F.. (X), - } Forany y e

n>0

a)(X, [f ) g]) there exists M, — oo such that F (X)—) y, then for any ne€ N, there exists K € Z, such that . m  >n,

hence

y €[ 1F(x) Foa(X). Fon (%),

n>0
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Now we prove a)( ) ﬂU{ } For any yeﬂU{ } sup-

n>0 k=n n>0 k=n

pose Y & a)(x, [f , g]) there exists a neighborhood U of y such that forany ne N,
F ( )% U, which is contrary to the hypothesis that for any Y, we have

yeﬂ ’ n+1 ’Fn+2(x)"“}'

n=0
Hence Y € a)(x, [f.9]).
Proposition 3.3 (1) If N is even, then w(x,[f, g]) = o(F,(x),[f,g]);
) 1f n is odd, then w(x,[f,g])=w(F,(x).[g, f]).
Proof : (1) Suppose that N is even. We prove a)(x,[f,g])c a)(F ( )[f g]) firstly. If yea)( [f g]) there exists

ne=n, ng— oo suchthat F, (X)—) Yy, by Lemma 2.5 (2), we have F, (F ( ))—) Yy , hence yea)( ( )[f g])
Now we prove @(x[f,g])o @(F,(X)[f,g]). f zew(F,(x)[f,g]), there exists m, —>o such that

ka(F (x))— z, by Lemma 2.5 (2), we have Fo (X)> 2. Hence Z € w(x ,[f , 9])
(2) Similar to the proof of (1) , by Lemma 2.5 (3) , the proof of (2) is trivial.

Theorem3.4 ([ f,g])= o([g, f]).
Proof : We prove a)([f,g])c 60([9, f]) only. For any Xea)([f,g]), there exists Yy € X and N — oo such that

. (Y)—> X, by Lemma2.5(1), we have (Gnm of )(y)
=G, (f(y))—x.thus xea(g, ).

Proposition 3.5 IS([f .g)U IS([g, f)=P(go f)UP(fog).

Proof By Lemma29(1), we have Is([f , g])c P(g o f)U P(f o g), exchange f,g,  then
P([g, f])=P(go f)UP(f og), hence

P([f.gDUP(g. fD=P(ge )UP(fog)

By Lemma2.9 (2), we have P(g o f )< P([f,g]), exchange f, g, then P(feg)c < If’([g, f]) , hence

P(ge f)UP(fog)=P([f,g)UP(g, f]) @
Combine (1) with (2) , we have

P(go f)UP(fog)=P((f,g)UP(g, f)=P(ge f)UP(f o).
Hence |5([f,g])U IS([g, f])z P(go f)U P(f og).

Theorem 36 (1) R([f,g])c Q(f,g));
@ w(ge f)c(gs f)c(f,g)):;
@) f(@go f))cQ(f o 9):
(4) Q([f , g]) is closed:;
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© Q(f,g)=(g- f)UQ(f -g)
Proof : (1) and (2) are evident by definitions.
(3) Forany ¢ > 0, by the continuity of f , there exists 0 > 0 such that

f(B(x,5))= B(f(x),&). Forany x € Q(g o f), By the definition , for § > 0, there
exists Y € B(x,8) and ne Z, suchthat (go f)'(y)e B(x,5). 5o f(y)e B(f(x)¢),
f(go f)n(y)=(f og)n(f (y))e B( f (X),g).HenceXeQ(f ° g).
(4) ForanyX e X — Q([f , g]) by the definition, there exists some neighbor-
hood U of X suchthatforany ne Z,,F,(U)NU =¢. Thus, forany yeU,ye
X —Q([f , g]) So X —Q([f , g]) is open . Hence Q([f , g]) is closed.
(5) Suppose X € Q([f , g]) U is an arbitrary neighborhood of X . If the set
{n eZ: F (U)NU =g, n=2k forsomek e Z} is infinite, there exist even numbers N, <N, and y €U such that

(ge ) (y)eU.(ge f)*(y)e U then (go f)*(y)=

(gof)=™ ((9 ° f)nl(y))e U .Hence X e Q(g o f)_
If the set {n €Z.: F (U )ﬂU ¢, n=2k+1forsomek e Z} is infinite, there exist odd numbers N, <n, and

yeU such that f(go f)(y)=(fog)"(f(y))eU and f(go f)(y)eU, then
f(ge ) (y)=(F o)™ ((f o q)"(f(y)))<U . Hence
xeQ(fog).

In conclusion , Q([f,g])cQ(ge f)UQ(fog).

corollary 3.7 Q([f,g))UQ([g, f])=Q(g° f)UQ(f - g).
Proof : Similar to the proof of Proposition 3.5, by Theorem 3.6 (2) (5), it is evident.

Lemma3.8 o([f,g])=w(ge f)Ua(f o g).
Proof : By Lemma 2.6, we have @(g o f)c ([, g]). By Lemma 2.11, we have o([f,g])c (g f)Ua(f og). soit
remains to show that @(f o g)c ([ f,g]).
Forany X e a)(f ° g), there exists Y € X and N, — oo such that (f o g)™(y)
— x,sowe have f(go f)"(g(y))— X.Hence xe a)([f , g])

similarly, @(ge f)c o([f,g]). Hence o[, g]) > @(go f)Ua(f o g).

Theorem 3.9 a)([f g])CQ([ ])U (g,f]).
Proof : By Lemma 3.8, we have o[ f,g])= (g f)Ua(f o g). Thus ([ f, g))
Q(f

oge f)Ua(fog)cQ(ge F)UQ(f-g)cf, g)U(g, ).
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Proposition  3.10 If X 2[0,1], IS([f,g])ﬂ IS([g, f])=¢,|5([f,g]) and IS([g, f]) are closed , then
P(t.gDUP(g. f)=2(f.ghuc(s. f).

proof: If P([f,g])NP([g, f])= . then by Lemma 2.9 (2), we have P(go f)N

P(f og)=¢. Science P([f, g]) and P([g, f ]) are closed, by Theorem 3.5, we have P([f g))=P(ge f)=P(go f)
and P((g, f])= P(f = g)=P(f < g). By Lemma 210, P([f.g])=P(g > f)=ge f) and P((g, f])=P(f o g)=

Q(f o g). It follows by Corollary 3.7 that P([f,g])UP([g, f])=(f,g))U(g. f]).

Corollary 311 1f X =[01], P([f.gDNP (g, f)=¢.P(f g])ana P(g, f]) are
closed, then P([f,g))UP((g. f)=R(*,g)UR(g. t)=w((.g)= (f,gDU (g, f).

Proof : Combine Theorem 3.4, Theorem 3.9 and Proposition 3.10, it is evident.

Example 3.12 Let X = [—1,1], a, =1—L1 ,n=123---. Define
n+

@ f (X) =X, forany X € [0,1];

) f(—1)=l, f (—6g1)=an+1,n=ZL 2,3---and f islinear on [— al,O] and each [—a an],n =123---;

@) g(x)=—x, forany x € [0,1];
(4) g(X)zx,forany Xe[— ]
Itis easy to show that P(go f)=w(ge f)=w(0,go f)=Q(go f)={-1};
P(fog)=a(fog)=w, fog)=Q(f og)={L}; Forany xe X, w(x,[f,g])=
o(x[g, t))=(f g =g, f)={-11}.

Proposition 3.13 Let I' = @ or €2, thereexists f and g such that F(g of ) is a proper subset of F([f ) g])

Proof : By Example 3.12, @(go f)={-1} and ([ f,g])= U w(x,[f,g]) = {~11}. Hence (g o ) is a proper subset
xeX

of w([f,g]). similarly, Q(g o f) isa proper subset of Q([f,g]).

Proposition 3.14 There exists f and g such that P(g ° f) is a proper subset of 5([f , g])

Proof : By Example 3.12, P(g o f): {—l}and IS([f , g]): {—1,1}, Hence P(g o f)
is a proper subset of IS([f g ])

Proposition 3.15 There exists f and g suchthat Q([f,g])=Q([g, f]).
Proof : By Example 3.12, Q([f , g]): Q([g, f ]): {—1,1}.

Proposition 3.16 There exists f and g such that Q(f o @) is a proper subset of Q([f,g]).
Proof : By Example 3.12, Q(f o g)={1} and Q([f,g])={~11}. Hence Q(f o) is a proper subset of Q([f,g]).

http: // www.ijrsm.com (C) International Journal of Research Science & Management
(30]



[Zhang et al., 2(1): January, 2015] ISSN: 2349- 5197

"lh
\“" INTERNATIONAL JOURNAL OF RESEARCH SCIENCE & MANAGEMENT

Example 3.17 Let X = {~101} < [-11], define f(~1)=0, f(0)=1, f (1)=g(1) =1, g(0)=-1g(-1)=-1.
Itis easy to show that (1) (—1[f,g])={-10},@(0,[f,g])=w(@[f,g])={}.
-

@ Q(f -g)={01,Q(f,g])={-11}.

Proposition 3.18 There exists f and g such that P( ) ([fg])
Proof : By Example 3.12, P(f o g)={0,1} and P([f ,g])={~11}. Hence
P(fog)z P(f.q]).

Proposition 3.19 There exists f and g suchthat Q(f o g)z Q([f,g]).
Proof : By Example 3.12, Q(f o g)={0,1} and Q([f,g])={~11}. Hence Q(f og)z Q([f,g]).

Proposition 3.20 There exists f and g suchthat ([, g])z Q(f,g]).
Proof : By Example 3.12, a)([f,g]): U a)(X,[f : g]) { }and Q(f,g)=
xeX

{~11}. Hence Q(f og)z Q[ f,g]).
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