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Abstract
The aim of this paper is to obtain a common fixed point theorem for six random operators by using weak compatibility, semi-
compatibility in the non- empty closed subset of a separable Hilbert Space. Our results generalize and extend the result.

Introduction

The study of random fixed point theory has attracted much attention in recent years [4-6] and [9, 11]. Badshah and Sayyed [2],
Badshah and Gagrani [1], have proved various common random fixed point theorem in Polish space. Choudhury [7] construct a
sequence of measurable function and consider its convergence to find a common unique fixed point of two random operators in
Hilbert space. Badshah and Shrivastava [3] introduced the concept of semi-compatibility in Polish spaces. These results extend the
corresponding result in [10].

In this paper we construct a sequence of measurable functions and consider its convergence to the common unique random fixed
point of six continuous random operators defined on a non-empty closed subset of a Separable Hilbert space.

Preliminary notes

Let C be a closed subset of Separable Hilbert space H and (€2, X) a measurable space.

Definition 2.1: A function f: Q — C is called measurable if f=1(B n C) € X for each Borel subset B of H.

Definition 2.2: A function F: Q x C — C is called random operator if F(.,x): Q — C is measurable for all x € C.

Definition 2.3: A measurable function g: Q — C s called a random fixed point to the random operator F: Q x C — C if F(t, g(t)) =
g(t) forall t € Q.

Definition 2.4: A random operator F: Q x C — C is called continuous if for fixed t € Q, F(t,.):C — C is continuous.

Definition 2.5: Two mappings f, g: X — Xwhere X is a Polish space, are called compatible if Illl_r)l;lod (fgxn, gfxn) = 0, provided that

lim fx,, = lim gx, exist in X.
n—oo

n—oo

Definition 2.6: Two random operators E, F: Q x X — X are called compatible if E(t, .) and F(t, .)are compatible for all t € Q.
Definition 2.7: Two random operators E,F:Q x X — Xare called weakly compatible if E(t, g(t)) = F(t, g(t)) for some
measurable mapping g: Q — X

E (t,F(t, g(t))) =F (t, E(t, g(t))), Forallt € Q.
Definition 2.8: Let g,,: Q — X is a measurable mapping such that E(t, g,(),F(t, go(t)) »g(t) as n-oo for some

measurable mapping g: Q — X, then random operators E,F: Q x X — X are called semi- compatible if d (E (t, F(t, gn(t))),F(t,

g(t))) - 0asn - oo,

Main results
Theorem 3.1: Let C be a non-empty closed subset of a Separable complete Hilbert space H. LetE,F,P,Q R and S be the six
continuous random operators defined on C such that for t € Q,E(t,.),F(t,.),P(t,.), Q(t,.),R(t,.),S(t,.): Q x C — C satisfy the
following Conditions

(1) EF(t,X) € Q(t,X) and RS(t,X) < P(,X)

(2) IIEF(t,x) = RS(t, Y)I* < a(®|[P(t,x) — EF(t,x)[I* + BM®IIQ(ty) — RS(EII* +

Y®OIPEx) — QI

Forall x,y € C,t € Q where a(t), B(t), y(t): Q — (0, 1) are measurable mapping such that a(t) + B(t) + y(t) < 1.
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(3) If either (i) or (ii)
1. PorEF is continuous and (RS, Q) are weakly compatible, (EF,P) are semi-compatible.
2. Qor RS is continuous and (EF, P) are weakly compatible, (RS, Q) are semi-compatible.
Then EF, RS, P and Q have a unique common random fixed point in C.

Proof: Let go: Q — C be an arbitrary measurable mapping and g,: Q — C be a sequence of measurable mappings such that
YZn(t):EF(t: an(t)) =Q(t, g2n+1(t))l

Yan+1(O=RS(t, 82n+1 (D) = P(t, g2n4+2(D).
ForallteQand n=0,1,2,.......

||YZn(t) - YZn+1(t)”2: ”EF(t' an(t)) - I;S(t: g2n+1(t))”2 5 )
< (X(t)”P(t: an(t)) - EF(t’an(t))” + B(t)”Q(t’anH(t)) - RS(t' 82n+1(t))” + Y(t)”P(t'an(t)) - Q(t: 82n+1(t))”
< a®lly2n-1() = y2n OI1? + BONY20 () = Yanr1 O + yOllyzn—1(®) = yan (O II*
= (1= BO)y2n(® = Y2n+1 O < (@(®) + YO [y2n-1(®) — y2n OII?
= 200 = Yanis O < ("(‘g ) TSZ(;))) a0 = yn I

= [[y20 () = Yans1 ON? < kK@®)ly2n-1(6) — yan O II?

_ [a®+y(®
Where k(t) = <(1-6(t))> <t
And,

Y2041 () = Yonse2ON? = IEF(t 82n+1(6) — RS(t, g2n42(O)II?
< O((t)”P(t' g2n+1(t)) - EF(t,g2n+1(t))||2
+B®||Q(t g2n+2(D) — RS(t, g2n+2(t))”2
+Y(O|P(t g20+1(0) — QL g2n42(D) ”2

< a®ly2n® = Yane1 ON% + BONY2041 ) = Yonr2OIZ + YOy2n () — y2ne1 O
= (1= B®)Ilyzn+1(O — YZn+2(t)” < (a(®) + y©)lly.n (0 — y2n+1(t)”2

o WYansa () = Yame2 DI < (O(‘it) ;Z()t))) 1¥20(O = yonsa OI

= [lyan+1(0) — Yans2 O% S k©)lly2n (©) — yant1 (OI2
Therefore,

Y2041 (0 = Yant2(OI1> < K2 (O 1y20-1(0) — y2n OII?
Proceeding in this manner we get a sequence of measurable mappings y,,: Q — C such that

20 (0 = Y2n+1 O < K2 ©)llyo () — y1 (DI
Thus for all t € Q, {y,,(t)} is a Cauchy sequence.
Hence {y,,(t)} is convergent in Separable Hilbert space.
Therefore for all t € Q, {y,, ()} = g(t) asn —
EF(t, 820 (D) = g(0), Q(t g2n+1 (D) = (O,
RS(t, g2n+1 (D) — g(b), P(t' an+2(t)) - g(t); Forall t € Q.

Case I: If P is continuous.
Then we have
P(t,EF(t, g,n(t))) = P(t, g(t)), And
P(t, P(t, g2n+2())) = P(t, g(1)).
Since EF and P are semi-compatible.
Therefore, for all (=N
EF(t,P(t, g2 (1)) = P(t, g(1)).
Step I: Forall t € 0,

IEF (&, P(t, 920 () = RS(t Gansa ()2 < a(®) | P& P(E, g2 (00)) — EF (&P (6,20 (®)) ||

+ﬁ(t)||Q(t' 92n+1(t)) - RS(t, gzn+1(t))”2
+y(@®)||P(E P(t, gn () = Q. Gonsr )|

http: // www.ijrsm.com (C) International Journal of Research Science & Management
(39]



[Gupta et al., 2(8): August, 2015] ISSN: 2349- 5197
Impact Factor (PIF): 2.138

®  |NTERNATIONAL JOURNAL OF RESEARCH SCIENCE & MANAGEMENT

Taking n — o, we have
IP(t,9(®) — g @ < a@®]|P(t, g®) = P(t, g®)||” + BOIIg®) — g2 +y®||P(£, 9®) — g®|”
= (1—y®)|P(tg®) - g®| <0

= P(t,g(®) = g(®).

Step Il: Forall t € 2,
IEF(t,9(®)) = RS(t, gnss ®O)|* < a®||P(t, 9(®)) — EF (t, g(®)||”
+8() [|Q(t, gans1(®)) = RS(t, gansn )|
+y®|PE g(®) = 0t Goner )|

Taking n — o, we have
IEF(t, 9®) — g < a®|lg® — EF(t,g®)||* + BDOIg(®) — g% +y©llg(t) = g(DII?
= (1-a®)||EF(t,g®) - g@®| <0
= EF(t,g(t)) = g(t).
Hence
EF(t,g(®) = g(t) = P(t, g(1)).
Since, EF(t,X) c Q(¢t, X).
Therefore, there exist a measurable mapping é:2 — C such that

EF(t,g(0)) = Q(¢, (1))

Therefore,

g@® =EF(t,g()) = P(t,g(®) = Q(t, £(1))
Step lll: Forall t € 2,

lEF (t, g2n(t)) — RS, (NI
< a(OIIP(t, gon(t)) — EF (£, g2n (O)II> + B ||Q(, £ (1)) — RS(t,s‘(t))”Z
+ 7O)PE g2a(®) - Q(tED)|]
Taking n — o, we
lg(®) — RS(t, EENII* < a®llg®) — gOII> + B®)lg(t) — RS(t, EWI* + ¥ (®)llg(t) — g®II?
= (1-pM)NIg® —RSEEWMIF<0
= RS(t,£(t)) = g(O).

have

Hence

RS(t,€(1)) = g(©) = Q(¢, §(1)).
Since, RS and Q are weakly compatible.
Therefore, forall t € 2

RS (£,0(t£®)) = @ (6 RS(6,®));

RS(t,g(®) = Q(t, g(®).
Step IV: Forall t € 0,

IEF(t, g(t)) — RS(t, g()II? ) 2
< a@IIP(t, g()) — EF(t, gD + B®][Q(t, 9(0) — RS (£, g@)||” + ¥ ®|P(t, 9(®)) — (£, @)

Taking n — oo, we have

lg(®) = Q(t, gNII> < a@®llg®) — g®OI* + BOIQE g(©) — Qt, gD +y®llg®) — Qt, g(O)II?
= (1-y®O)llg®) -t g®I* <0
= Q(t, g(®) = g(®).
Thus for all teln,
EF(t,g(®) = RS(t, g(®) = P(t, g(®) = Q(t, g(®©)) = g(©).

Hence g(t) is a common random fixed point of EF,RS,P and Q.
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Similarly, we can proof that for Q is continuous.
Case Il: If EF is continuous.
Then we have
EF(t,EF(t, g,n(t))) = EF(t,g(t)), And
P(t, P(t, gan+2(1))) = P(t, g(t)).
Since EF and P are semi-compatible.
Therefore, for all ten,
EF(t, P(t, g2n(£))) = P(t, g(1)).
Step I: Forall t € 0,
2
IEF(t, P(t, g20())) = RS(t, Gonsr (DDII” < a(®) | P(6, P(t, 92 (£))) — EF (£, P(t, g2 () )

+ﬂ(t)”Q(t' 92n+1(t)) - RS(t, 92n+1(t))||2
+ Y|Pt P(t, 920 () = Q(t Goner D)
Taking n - oo, we have
IP(t, g(®) — g®|* < a®]|P(t, () = P(t, g )| + BDOIg(®) — gOI? + ¥y D||P(t, 9®) — g(®||°
= (1—y®)|P(tg®) - g®| <0

= P(t,g(®) = g(O).
Step II: Forall t € 2,

IEF (£, g(©)) = RS(t, gons1(O)||” < a(®)||P(t, 9(©)) — EF (t, g(®)||"
+B(t) ”Q(t: an+1(t)) - RS(t, 92n+1(t))”2
+y®IIPE 9(®) = Q(t, Gonsr )|
Taking n — oo, we have
IEF(t, g(®) — 9@ < a@®|lg®) — EF (£, g®)||* + BDONg® — @I + ¥ Dllg(®) — g2
= (1-a®)||EF(t,g@®) - g@®| <0
= EF(t,g(t)) = g(t).
Hence
EF(t,g(t)) = g(t) = P(t, g (D).
Since, EF(t,X) c Q(¢t, X).
Therefore, there exist a measurable mapping é: 2 — C such that

EF(t,g(t)) = Q(£,¢' ()

Therefore,
g(®) =EF(t,g(®)) = P(t, g(t)) = Q(t, €' ()
Step lll: Forall t € 2,

lEF (t, g2n (£)) — RS(t, &' (E)II? 2
< a(OIP(t, gzn(£)) — EF (£, g2n O)II? + B©®)]|Q(,E'(®)) — RS(£,€'(®)) ||
+ Y O[PE g2n () - (6, € O)|
Taking n - o, we
lg(®) —RS(t, &'NII* < a®llg®) — g®OII> + B®)Ig(t) — RS, EWDII* +y(®Ollg®) — gOII?
=>(1-8®)Igl®) —RSEE®I> <0
= RS(t, &) = g(@®.

have

Hence

RS(t,§'(®) = g(®©) = Q(t,§' (D).
Since, RS and Q are weakly compatible.
Therefore, forall t € 2

RS (t, Q(t, f'(t))) =0 (t, RS(t, E’(t)));
RS(t,g(®) = Q(t, g(®)).
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Step IV: For all t € 0,

IEF (6, g()) — RS(&, g(O)II? , )
< a®)IPt, g®) — EF(t, gt)II> + B®]|Q(t, g®)) = RS(t, g®)||” + y® Pt g(®) — @(t, g@®)|

Taking n - oo, we have
lg(® = Q(t, gNI* < a®llg®) — gOI* + BOIQE g()) — QE gOI* +y®llg(®) — @t gO)II?
= (1-y®)lg®) -t g®I* <0
= Q(t,g(®) = g(®).
Thus for all ten,
EF(t,g(©) = RS(t, g(1)) = P(t,g(®)) = Q(t, g(®)) = g(®).
Hence g(t) is a common random fixed point of EF,RS,P and Q.
Similarly, we can proof that for RS is continuous.
Uniqueness: Suppose that ~A(t): 2 — C be the another common random fixed point of the random operators EF, RS, P and Q.
Therefore for all t € 2,

EF(t,h(t)) = RS(t, h(t)) = P(t, h(t)) = Q(t, h(t)) = h(D).
lg(®) — h(OII* = IEF (t, g(t)) — RS(t, h(E)|I?
< a®IIP(t, g(©) — EF(t, gD + B©®)]|Q(t, h(®)) — RS(t, h®)||* + ¥y ©||P(t, 9(©)) — (&, h(©®)||”
=2 llg®) = h®II* < a®ligt) — g®II* + BM® () —h®II* + yOllgt) — h(®II?
= [lg(®) — h(®II* < y®llgt) — h(®)|?
= g(t) = h(b).

Hence g(t) is a unique common random fixed point of random operators EF, RS, P and Q.
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